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1. Introduction 

"How exotic is the Q-exotic electron decay ?" 

In two previous works [26], we have characterized observed quantum nonlinear 

propagators of the observed quantum super Yang-Mills PDE, (yM)[i], proving 
that the total quantum energy and the total quantum electric-charge of incident 
particles in quantum reactions do not necessitate to be the same of outgoing par- 
ticles. These important phenomena, that are related to symmetry properties and 
gauge invariance of (YM) [i] , were non-well previously understood and wrongly in- 
terpreted. Really are just symmetry properties of (YM)[i], beside the structure of 
the quantum nonlinear propagator, the main origins of such phenomena. This fun- 
damental aspect of quantum reactions in (YM) [i] , gives strong theoretical support 
to the guess about existence of quantum reactions where the " electric-charge" is not 
conserved. The conservation of the electric charge was quasi a dogma in particle 
physics. However, there are in the world many heretical experimental efforts to 
prove existence of decays like the following 1 + i.e. electron decay into a 
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photon and neutrino. In this direction some first weak experimental evidences were 
recently obtained.^ 

Aim of this third paper is to further characterize a criterion to recognize under which 
constraints quantum nonlinear propagators preserve quantum electric charges be- 
tween incoming and outgoing particles. The main result of this third part is the 

existence of a sub-equation (yM)[i], C {YM)[i], were live solutions strictly respect- 
ing the conservation of the quantum electric charge. Instead, solutions hording 

Cauchy data contained in the sub-equation (yM)[i], C (yM)[i], that are glob- 
ally outside (yM)[i],, can violate the conservation of the quantum electric charge. 
This effect is interpreted caused by the quantum supergravity. The action of the 
quantum supergravity is able to guarantee existence of such more general quantum 
nonlinear propagators in quantum super Yang-Mills PDEs. In fact quantum super- 
gravity can deform quantum nonlinear propagators in order that they can produce 
such exotic solutions of {YM)[i]. In other words, quantum exotic strong reactions 
exist as a by-product of quantum supergravity that produces non-flat quantum 
nonlinear propagators. In the standard model quantum supergravity is completely 
forgotten. Without quantum supergravity, exotic quantum propagators cannot be 
realized ! The main results are the following. Theorem 2.1 formulates a criterion 
to recognize under which constraints quantum nonlinear propagators have zero lost 
quantum electric-charge. Our main result is the identification of a sub-equation 

{YM)[i], C {YM)[i], that is formally integrable and completely integrable, such 
that all quantum reactions encoded there, are characterized by non-Q-exotic quan- 
tum nonlinear propagators. Theorem 2.9 proving that Q-exotic quantum nonlinear 

propagators of are solutions with exotic-quantum supergravity, i.e., hav- 

ing non zero observed quantum curvature components i?]^. The algebraic topologic 
structure of quantum nonlinear propagators allows us to justify the so-called phe- 
nomenon of quantum entanglement. See Theorem 3.1 and Theorem 3.2. These 
prove that the EPR paradox is completely solved in the framework of the Algebraic 
Topology of quantum PDE's, as formulated by A. Prastaro. In fact, EPR paradox 
is related to a macroscopic model of physical world (Einstein's General Relativity 
(GR)). In order to reconcile this model with quantum mechanics, it is necessary to 
extend GR to a noncommutative geometry, as made by the Prastaro's Algebraic 
Topology of quantum (super) PDE's. In fact the logic of microworlds is not com- 
mutative, hence it is natural that macroscopic mathematical models cannot justify 
quantum dynamics. In other words, the incompleteness of quantum mechanics 
(QM)(see [3]) is the complementary incompleteness of the GR, since they talk at 
different levels: microscopic the first (QM), macroscopic the second (GR). These 
different points of view can be reconciled by introducing the noncommutative logic 
of the QM in the geometric point of view of the GR. But this must be made at the 
dynamic level ! It is not enough to formulate some noncommutative geometry to 
encode microworlds ! Therefore the necessity to formulated a geometric theory of 
quantum PDE's as has been realized by A. Prastaro. Finally Theorem 4.1 proves 



Sec [7]. Some other exotic decays were also investigated, as for example the exotic neutron's 
decay: n—^p + u + P. [14]. 
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existence of solutions of (yM)[i] admitting negative (absolute) temperature and 
Theorem 4.6 relates such solutions to quantum entanglement. 



2. The constraint zero lost quantum electric charge (yAf)[i], 

In this third part wc assume as prerequisite the knowledge of the previous two 

parts [26] . In the following theorem we identify a constraint in (YM) [i] where live 
quantum nonlinear propagators with zero lost quantum electric-charge. 

Theorem 2.1 (The constraint {YM)[i],). Let {YM)[i] be the quantum super Yang- 
Mills PDE, observed by a quantum relativistic frame i : N ^ M . Assuming that 
the fundamental quantum superalgehra A of (YM) has a Noetherian center, then 
there exists a formally integrahle and completely integrable quantum super PDE, 

{YM)[i], C {YM)[i], (zcro-lost-quantum-clcctric-chargc-constraint), where quan- 
tum nonlinear propagators V have £l[V] = 0. 

One has the following fiber bundle structure {YM)[i], N . 

The smooth integral bordism groups of {YM)[i]t and {YM)[i] do not necessarily 
coincide. 

Proof. Let us recall that if ip = (i : N ^ AI ; (j)) is a. quantum relativistic frame, 
observing the quantum super Yang-Mills PDE (YM) C JD^{W), then it is identi- 
fied a quantum super PDE (yM)[i] C JD'^{E[i]), where E[i] is the bundle over N 
defined in the following commutative diagram. 



(1) (8)k T*N ^ E[2] = Homz{TN; g) 



i*W = HomziTM;g)U^N) 



■ i(N) C M 



More precisely one has the following commutative diagram relating (yM)[i] with 
(YM). 



(2) 



(YM) [i\ <'^^'^' i* (YM) — - — ^ (YM) 



^ JD^{E[i]) i*jb^{W) JD^iW) 
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where B(i) is a canonical epimorphism over N and B(i)* is the induced epimorphism 
on jet spaces. Furthermore, since {YM) is formally quantum (super) integrable, 
(resp. completely quantum (super) integrable), so is (yAf)[i]. 
The dynamic equation (YM) and {YM)[i] are resumed in Tab. 1. 



Table 1. Local expression of (YM) c JD'^(W), (YM)\i] and 
quantum Bianchi identities. 



(Field equations) = -(as.ijf^) + [C^rI^c^ R^h'^^\+ = 


(YM) 




(Fields) 


(Bianchi identities) = (eXn.Jjf^^J + \cfj[fl'„,Ri^_^^]+ = 




(Observed Field Equations) {dc-R"-'"'^) + [C'j'^jili, = 


{YM)[{\ 


=(9?[o,./if,,) + |Cf>L/i;^,, 


(Observed Fields) 


(Observed Bianchi Identities) [d^l^-R'^^^^^) + kCfjf^^^R^^^^^j = 





3 3 



R^^^^ -.Qi C JD{W) ->■ A; B§^_^^^ ■.n2 C JD'^iW) ^ A; : n2 C JD'^{W) ^ A . 



These equations are also formally integrable and completely integrable. (For details 
see [17; 19, 21].) In the following we recall a theorem characterizing Q-cxoticity of 
quantum nonlinear propagators. (See Theorem 4.10 in [26] (II).) 

Theorem 2.2 (Q-exotic quantum nonlinear propagators of (FM)[i]). [26](II) For 
any observed quantum nonlinear propagator V of (YM)[i], such that dV = Nq U 
PUNi, where Ni, i = Q,l, are 3-dimensional space-like admissible Cauchy data of 
(VM)[i], and P is a suitable time-like Z- dimensional integral manifold with dP = 
dNoU dNi, the following equation holds. Q[i\to] = Q[i\t i] vaod 'l1\V] S A, where 
Q[i\tr\ € A is the quantum electric charge on N^, r = 0, 1, and £l[V] € A, is a 
term that in general is not zero and that we call lost quantum electric-charge. We 
call Q-exotic quantum nonlinear propagators, quantum nonlinear propagators such 
that £l[V] ^OeA.^ 

Let us now consider that (yM)[i] is invariant for gauge transformations. From this 
invariance we have the conservation law reported in (3). 




+ T,i<j<3{dllK -L) =o' di" A A ■ • ■ A dxP A ■ ■ ■ A rf?^ 



where rf^^ means absent. (^^ are the gauge parameters.) The conservation law ujq 
is of the same type of ones considered in [26] (I) , hence it is closed on the solutions 
of (yAf)[i]. In particular if y is a quantum nonlinear propagator such that dV = 
No Li P Li Ni, where iVo is a initial Cauchy data representing a set of incident 
particles in the quantum reaction, and Ni is a final Cauchy data representing a 
set of outgoing particles in the quantum reaction. Both A^o and A^i are considered 
space-like, and identifying some time to and ti, of the proper time of the quantum 
relativistic frame. Instead P is considered a 3-dimensional time-like manifold, such 



This agrees with the conservation of the observed quantum Hamiltonian. See Theorem 3.20 
in [26] (I). In fact, the observed quantum electromagnetic energy is a form of quantum energy, 
even if, in general, it does not coincide with the observed quantum Hamiltonian. 
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that dP = dNo U dNi. Then one has the following equation: =< dcuq, V >=< 
ujq, dV >=< ujq, No > — < ujq, Ni > + < ujq, P >. In particular one has 

C Q[i\to] =< w,, iVo >=< (dJtf.L)^^ de A de A df,No >e A 

(4) ) Q[i\ti] =< w,, iVi >=< {d]lf.L)'E^ de A A df,Ni >E 

[ QIV] =< w„P >=< Y.i<j<-i(d'[hi ■L)=^ (i^o A A ■ ■ ■ A (i^J A ■ ■ ■ A df,P>e A. 

By a direct calculation one can see that {d]l'^.L) ~ i?^ and {djl'^ .L) = 
(For details see [17, 19].) Therefore the condition that V has zero lost quantum 
electric-charge is the following: i?]^ = 0. Let us require that equations (4) 
should be satisfied for any S^, i.e., for any gauge transformation, then we identify 

a sub-equation (yM)[i], C {YM)[i], given in (5). 

(5) (?l7)w. c (firm : { fljl,^ ^ ic^,,i,R-'^^u - 

One can prove that, under the condition that the quantum superalgebra B, un- 
derling these quantum supcrmanifolds, has Noetherian center, Z, {YM)[i]t canon- 
ically identifies a formally integral and completely integrablc quantum super PDE, 

(YM)[i], C (yAf)[i] too. The proof follows some geometric approaches previ- 
ously formulated by A. Prastaro for PDEs in the category of manifolds and quan- 
tum (supcr)manifolds, and that consist to use enough prolongations of original 
equations, in order to obtain formally integrablc equations having the same so- 
lutions of {YM)\i],.^ Therefore, for any point u £ (yM)[i], passes a solution, 
that since (FM)[i], is of class Q":^, it can be fixed of class Q^^, too. All quan- 
tum nonlinear propagators V in {YM)[i], have £l[V] = 0. Let us go in some 
detail of this proof, since it is necessary to use some technicality. Let us first note 
that is a formally integrablc and completely integrablc quantum super 

PDE. In fact, let us denote B ~ M. x A, the quantum superalgebra, model of the 
quantum supermanifold JD'^(W[i]), with A the quantum superalgebra such that 
dim^g = (r|s). Then one has dims JD^{W[i\) = (4, (r|s)60), dims JD^{W[i\) = 
(4, (r|s)140), diuiB (YM)[i] = (4, (r|s)56) and dimB((?M)H)+i = (4, (r|s)120), 
where {{YM)[i])+i denotes the first prolongation of (yAf)[i]. The we have the sur- 
jection of the canonical mapping 7r3^2 : ~^ O^M)[i]. In fact, one has: 

dimBiiY M)[i])+i ~ dims {YM)[i] + dimB{g[i])+i, where is the symbol of 

((FM)[?])_|_i, and dimB(g[i])_|-i = (0, (r|s)64). This property can be extended for 
iteration to any order of prolongation h > 0. Then, taking into account that B has 
Noetherian center, we can state that (yM)[i] is regular and (5-regular in the sense 

specified in [17, 19]. This is enough to state that (yAf)[i] is formally integrablc, 
and since it is of class , it follows that it is also completely integrablc. By fol- 
lowing a similar road to look to the formal integrability of (yAf)[z],, we arrive to 
prove that it is not formally integrablc, since there is not the surjcctivity between 
the first prolongation {(YM)[i],)^i and {YM)[i],. On the other hand, by following 
our geometric theory of quantum (super), we can identify another equation, say 



■^Applications of these methods to the Navier-Stokes PDEs and MHD-PDEs were first obtained 
by A. Prastaro to encode complex dynamics in regular equations. 
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{YM)[i], C jD^{W[i]), that is formally integrable and completely integrable and 
that has the same solutions of (yM)[i],. This equation is reported in (6). 



(6) (YM)[i]. C JD^{W[i]) 



Then one can see that the canonical mapping {{YM)[i],)^i — > (yAjf)[i], is surjec- 
tive. In fact one has the equation reported in (7). 

(7) I [dimB((FM)[i].)+i = (4, (r|.,)30)] = [dime (?l7)[';]. = (4, (r|.9)26)] 

\ +[dimB(s2[i].)+i = (0,(r|.5)4)]. 

This can be generalized for iteration to any order of prolongation. Therefore, 

{YM)[i], is regular and (5-regular, hence formally integrable. Since it is also of 

class Q^, we conclude that is a completely integrable quantum super 

PDE. 

The fiber bundle structure of {YM)[i], over iV follows from the following commu- 
tative and exact diagram. 

^ (YM)[i],^ ^ (XM)[i] 



TV: 



TV 



From above results it follows also that the 3-dimensional smooth integral bordism 

group of (YM)[i], and {YM)[i] do not in general coincide. (See relation between 
formal integrability and integral bordism groups in [17, 19, 21].) In fact, if V 
is a smooth quantum nonlinear bordism of {YM)[i] then dV ~ a U P U &, with 
dP = da U db, such that V = a x I, where / C M, i.e., a = b. In other words 
P = da X I , and a = b. Therefore one has 

, . ( -£1[V] = - < UJq,P >^< UJq,a > - < UJg,b> 

^ ' \ =<w, -/*L^„a>< (l-det(J(/)H,a>^0. 

Here we have denoted by / the diffeomorphism between a and b. Since / is, in 
general, not a rigid diffeomorphism (i.e., det(J'(/) ^ 1, it follows that £l[V] ^ 0. 
(We have denoted by J'(/) the jacobian- matrix of /.) This means that also smooth 

quantum nonlinear propagators of {YM^\^ can, in general, be Q-cxotic ones. In 

conclusion a smooth integral bordism class [a] of (FT\/)[i] docs not necessarily 



coincide with a smooth integral bordism class of (yTlf)[i], 



□ 
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Corollary 2.3. Quantum nonlinear propagators V C {YM)[i], such that V ^ 

(YM)[i]t, can have £l[V] ^ 0, hence can be Q-exotic quantum nonlinear propaga- 
tors. 

Example 2.4. A particular case where £l[V] ~ 0, is when R^^ = 0, i.e., V 
is a quantum flat nonlinear propagator. For such a case V cannot have mass-gap, 
(Corollary 2.5 in [17] or Corollary 5.2 in [19] and Theorem 3.19 in the second paper 
in [21]^, and neither quantum electric- charge. Therefore, such a V is necessarily 

contained in {YM)[i]t, and V <f_ (Higgs). Such a quantum propagator can be one 
encoding photons, gluons or non-massive neutrinos. 

Example 2.5. Let us consider a massive, electric- charged particle a C {YM)[i] that 
is in a steady-state. Its quantum nonlinear propagator V C (y-/\jf)[i] is such that 
dV ~ aU a, hence must necessarily have ii[V] = 0. This means that a C (Higgs), 

but also a C (YM)[i],. This condition holds for all massive particles in steady-state, 
and agrees with the fact that in steady-state configurations the quantum Hamiltonian 
is constant. (Example 3.23 in [26](^/j.j On the other hand whether a is without 
mass-gap, hence does not belong to (Higgs), but is a steady-state, it must belong 

to (YM)[i]t. In conclusion all quantum particles in steady-state are described by 

quantum nonlinear propagators contained into (YM)[i],. 




Fig. 1. Q-exotic electron decay: e — > 7 + i/. 



Example 2.6. An exotic quantum nonlinear propagator V that encodes the decay 
of electron — > 7 + is one that bords initial and final Cauchy data that stay both 

inside (YM)[i],, but, since 0.[V] ^ 0, must necessarily propagate outside (YM)[i],. 
Let us recall that 7 and v are not contained in (Higgs), where, instead, lives the 
electron. (See Fig. 1.) 

Example 2.7. A similar exotic quantum nonlinear propagator is one that encodes 
a Q-exotic neutron decay n — > p + z/ + . 

Definition 2.8 (Solutions with exotic quantum supergravity) . We say that a solu- 
tion of (YM)[i] such that i?]^ 7^ is a solution with exotic-quantum supergravity. 
Instead if R''^ = Q we say that the solution is exotic-quantum supergravity- free. 
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Theorem 2.9 (Exotic quantum-supergravity). Q-exotic quantum nonlinear prop- 
agators of{YM)[i] are solutions with exotic- quantum supergravity. 

Quantum nonlinear propagators oj {Y M)[i]t C (yA/)[i] are exotic- quantum supergravity- 
free solutions. 

Proof. The proof is a direct consequence of Definition 2.8 and the proof of Theorem 
2.1. □ 



3. Quantum entanglement in quantum nonlinear propagators 

hi this section we shah relate quantum nonhnear propagators of quantum super 
Yang-Mihs PDEs with the so-caUed quantum entanglement phenomenon. In quan- 
tum mechanics a composite system is cahed quantum entangled if it is encoded by 
global states which cannot be represented as products of the states of individual 
subsystems. This phenomenon has as a consequence that if a subsystem is ob- 
served, the other parts of the composite system have instantaneous reactions. This 
aspect were considered in contradiction with the concept of causality. In particu- 
lar, quantum entanglement were considered in conflict with the Einstein's General 
Relativity. (See [3, 13, 29, 1].) Nowadays the quantum entanglement is a well ex- 
perimentally accepted and verified phenomenon. (See, e.g., [35].) Let us emphasize 
that this paradox has been completely solved in the Prastaro's formulation of quan- 
tum gravity in the framework of the Algebraic Topology of quantum PDE's. See 
[20], where the observed quantum gravity has been related to the EPR paradox. 
The following theorems will give a more detailed justification of the quantum entan- 
glement on the ground of the bordism structure of quantum nonlinear propagators 
and quantum conservation laws as formulated by A. Prastaro. 

Theorem 3.1 (Quantum entanglement in {YM)[i],). Let V C {YM)[i], be a 

quantum nonlinear propagator. If dV ~ Nq UPUNi, then Nq and Ni are quantum 
entangled particles. 

Proof. In fact, for any quantum conservation law a; of (yAf)[i], we get < Nq,uj >=< 
Ni,uj >£ A, where A is the fundamental quantum (super) algebra of the (yM)[i]. 
Then quantum number of A^o are "instantaneously" related to quantum numbers 
ofA^i. □ 

Theorem 3.2 (Exotic quantum entanglement in {YM)[i]). Let V C {YM)[i] be 
an exotic quantum nonlinear propagator. If dV = Nq U P U A^i , then Nq and Ni 
are exotic quantum entangled particles, i.e., 

(9) < A^o,'^ >=< A^i,!^ > mod < a;,P >e A 

for any quantum conservation law uj of {YM)[i]. 

Proof. In fact, for any quantum conservation law w of (yM)[i], we get < Nq,uj > 
— < Ni,Lo >=< ll!,P >£ A, where A is the fundamental quantum (super) algebra 

of the (yM)[i]. Then quantum number of Aq are "instantaneously" related to 
quantum numbers of A^i by means of the quantum numbers of P. □ 
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Example 3.3. In Part II are considered many examples of quantum nonlinear 
propagators encoding specific quantum reactions. In all those cases outgoing parti- 
cles are all quantum entangled each other. For example in the annihilation electron- 
positron: e"*" + e~ — ?> 7 + 7, photons are quantum entangled each other. But what 
is less considered, is that photons are quantum entangled to both e+ and e~ too. In 
fact, this follows from the quantum conservation laws and the structure of quantum 
nonlinear propagator encoding such a reaction. But this has nothing to do with 
the violation of causality ! It is a simple direct consequence of the noncommutative 
logic of the microscopic world applied to the algebraic topologic structure of quantum 
nonlinear propagators ! 

4. Quantum thermodynamic-exotic solutions in (YM)[i] 

In this last section wc shall prove that {YM)[i] admits solutions with negative local 
temperature. This is a quantum effect, classically strictly forbidden.'^ We have the 
following theorem. 

Theorem 4.1 (Quantum thermodynamic-exotic solutions existence). (yM)[i] ad- 
mits quantum thermodynamic-exotic solutions, i.e., solutions that have negative 
temperature = (ds.e), where e is the local interior energy and s is the local en- 
tropy of such solutions respectively. 

Proof. In Refs. [21, 26] we have proved that thermodynamics of the observed 
quantum super Yang-Mills PDE is encoded on the fiber bundle W[i] = E[i] Xn 
TqN = E[i] X M, over N, whose sections over N, represent an observed 

quantum fundamental field, Jl, and a function /? : ^ M, thermal function. If 
/? = ■^r'-g, where kb is the Boltzmann constant and is the temperature, then the 
observed solution encodes a system in equilibrium with a heat bath. The situation 
is resumed in Tab. 2. 

Table 2. Local thermodynamics functions of (XM)[i\ solutions. 



Name 


Definition 


Remark 


Order 


partition function 


Z = tr {e-l^") 


Z = Zif},Ji^) 


1 


interior energy 


e = -{dl3. In Z) 


e = kbO^ [de.lnZ) 


1 


fluctuation interior energy 


< {AEf >=< {E-ef > 


< (AEf >= (9/39/3. In Z) 


2 


entropy 


s = Kb (In Z -f I3e) 


s = {de.{KB \nZ)) 


1 


free energy 


f = e-es 


f = -kbOXxiZ 


1 



It is assumed a Lagrangian of first derivation order. 



We shall use the following lemma. 

Lemma 4.2 (Thermodynamics covering of (yM)[z]). Thermodynamics for solu- 
tions of {YM)[i] is encoded by a 1-dimensional differential covering of [Y M)[i]. 

Proof. Let us consider the infinite prolongation {Y M)[i]+oo C JD°°{E[i]) of (yM)[i] 
This is endowed with a 4-dimensional (completely integrable) distribution Eoo[*] C 



This exotic quantum phenomenon has been supported by some experimental confirmations. 
(See, e.g. [27, 28, 2].) See also [5]. 
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T{YM)[i]^oo {Cartan distribution). A r-dimensional differential covering of (KM) 
is a bundle, t : £ ^ (FM)[i]+oo, of finite rank r, such that on £ is defined a dis- 
tribution Et- C T£, such that [Ei-,Et-] C E^- and r, = T(t)|e^ : 'Et Eoo[j] 
induces an isomorphism between the corresponding fibers, i.e., one has the exact 
and commutative diagram (10). 




If the distribution EtxD[?] is locally spanned by vector fields (a, Oi € {0,1,2,3}, 
then there are vector fields (a, a £ {0,1,2,3}, on £ such that T^{(a) = Ca and 
[CaXis] — Oi '^cti /3 G {0,1,2,3}. If is a gauge infinitesimal symmetry of the 
covering t : £ ^ {YM)[i]+oo, i-e., a r— vertical vector field v : £ ^ T£, such that 
[i^,E^] C Et, then one has [i^Xa] = 0, Va G {0,1,2,3}. Let {w-'}i<j<r be local 
vertical coordinates of r : f — > (yA/)[i]+oo- Then the local characterization of Cq, 
is given in (11). 



(11) 



(a) J^a=Y.l<j<r<dWj 



(b) [i/q, I//?] + CqI'/s - Cp^a = 0. 



(When t^a = Ca the covering is called a trivial covering.) 

The local expression of f is given by the set of equations reported in (12).^ 



(12) 



Ef,^=0, (l7l>0) 
[ {d^^.w^) = ai^{^^,vu\ti'p,). 



This overdetermined system is consistent iff condition (ll)(b) holds on {YM)[i]^ao- 
From results in [21], [26] (II) and above considerations, it follows that thermodynam- 
ics of (yAf)[i] is encoded by (YM)[i] x R that identifies a 1-dimensional covering 
{YM)[i]-i-co X M of {YM)[i]+oo- Its local expression is reported in (13). 



^In (12) and (13), Ef^'f denotes all the prolongations of _E^'". 
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(13) 



((yM)W+oo) : 



E^^ EE (a^.A^"") + [CfjlLl,R-'°"^]+ = 

E^^) = 0, (l7l > 0) 



(9ea./?) = aa(r,/3,ML) 

J^a = da dp. 

Let us now emphasize that there is a canonical l-dimensional covering of (YM) [i] , 

that we will denote by ®(yM)[i] and that we call thermal quantum super Yang- 
Mills PDE. This equation is defined by the commutative diagram (14). There the 
top horizontal line is exact too. 



(14) 



-(5'A-f)W+=< 



.JD=<-{E[i]) ^ ^{YM)li]+o, ^ {YM)li]+^ XN JD'^iTSNf ► .lb'^{W[i\) =S= .lb'^(E'f]) xa, .jb'"{T;>N) 



-E[i] 



-E[,]- 



JD^-{[i\} ■> '(5'iV/)[i| XNJb'iTSN)^ ► JD^-{Wli\) ~ JD^{Eli\) xjv JB^(ri'JV) 



-E[i\ xkTSN: 



-.\V\i] 



□ 



\YM)\i] ^R. Set 



Now, temperature identifies a continuous function 9 

(15) 0(Y]^)[i]^e-\M.-) C^(YM)[i\ 

where = {A £ M | A < 0} C R is an open set in R. We call 0('rM)[i] the 
exotic-thermal quantum super Yang-Mills PDE. It is also formally integrable and 
completely integrable, since (YM) [i] is so and C>(YM)[i\ is open therein. There- 
fore, for any initial condition q S '^{YM)[i] passes some solution of ^{YM)[i]. 
We call quantum thermal- exotic solutions such solutions. Since one has a natural 



projection 



^{YM)[i] — !■ (yi\/)[i], we get that also a natural sub-equation 



°(yAf)[i] = ®7r(0(FM)[i]) C (yA/)[i]. We call exotic-thermodynamics quantum 

super Yang-Mills PDE °{YM)[i]. Therefore a quantum thermal-exotic solutions 

V C 0(YM)\i] identifies a solution V = ®7r(F) C °(YM)[i\ C (YM)\i], that we 

call quantum thermodynamic- exotic solution in (YM)[i]. From above considera- 
tions, it follows that the set of such solutions is not empty. Therefore, theorem is 
done. □ 

Example 4.3. Negative (absolute) temperature is related to the quantum structure 
of the physical system, encoded by its local observed quantum Hamiltonian H{jp). 
As the local partition function Z can be interpreted as a normalization factor for 
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the local probability density P{E) = ^N{E)e , [21, 26], it follows that must 
be < Z < oo. Since Z = tr (e^^^^P^), the trace converges in general when 
PH{p) is positive semidefinite. Therefore, if H(p) is negative semidefinite, then 
/3 must be negative. So, when 9 = 77^; we must necessarily have 9 < 0. On 

the other hand if the fundamental quantum algebra A is a C* -algebra, and H{p) 
is a self adjoint element of A, we can use its Jordan decomposition to split it 
into a linear combination of positive elements of A. More precisely we can write 
H{p) = H{p)+-H{p)^, where H{p)+ = {\H{p)[+ H{p))/2, H{p)^ = {\H{p)\ - 
H(jp))/2 and \H(p)\ = H{p)^ + H{p)^. Since [H{p)+, H{p)-] — 0, we can write 
Sp{H{p)) = Sp{H{p)+) © Sp{-H{p)^)S' Therefore, we get 

= tr(e-'3^(P'+)-tr (e'^^^?')-). 

For the convergence of traces it is necessary that l3H{p)± should be semidefinte pos- 
itive. Since both H{p)^ and H{p)^ are positive, it follows that must be P > 0. Thus 
if the system is in equilibrium with a heat bath, namely 9 = , for the temperature 
one should have 9 > 0. Therefore, in such cases quantum thermodynamic- exotic 
solutions cannot be obtained in thermodynamic equilibrium states, but only as non- 
equilibrium thermodynamic states. 

Example 4.4. We can apply Theorem 4.I to laser systems. In fact, a laser system 
works just thanks to existence of quantum thermodynamic- exotic solutions."^ 

We can generalize above definition of quantum thermodynamic-exotic solution by 
the following one. 

Definition 4.5. We call quantum thermodynamic-exotic solution in {YM)[i] a 

solution V such that Vf]°(YM)\i] = °V ^ 0. Then we call also °V C V the 
quantum thermodynamic-exotic component ofV. 

Theorem 4.6 (Quantum entanglement and quantum thermodynamic-exotic solu- 
tions). (y-M)[i] admits solutions that support quantum entanglement and quantum 
thermodynamic-exotic solutions. 

Proof. Let V C (yil/)[i] be a quantum nonlinear propagator such that dV ~ 

NqUPUNi, with No C °(YM)[i\, beside a neighborhood °V ofV. Then, from 
Section 3 we know that A^o and A'^i are quantum entangled particles, and is a 
quantum exotic-thermodynamic solution of (yM)[z], according to Definition 4.5. 
Now the question is the following. Do exist such solutions ? Let A^o C (FAf)[i] 
and A^i C (yM)[i] be Cauchy data such that the following conditions are verified, 
(i) There exists an integral quantum super manifold P C (yM)[z] such that dP = 

^Let us recall that for two commuting elements a, b g A of a Banach algebra (and therefore 
also for a C*-algebra) A, one has the following properties relating their spectra: (a) Sp{a -i- b) = 
Sp{a) e Sp{a); (b) Sp{a.b) C Sp{a).Sp{b); (c) r{a -I- 6) < r{a) -|- r{b); (d) r{a).r{b) < r{a).r{b); (e) 
r(l) = 1; (f) r(Aa) = |A|r(a). (r(a) denotes the spectral radius of a S A.) 

^For general informations on such systems see e.g., Wikipedia/Negative-temperature and 
references quoted therein. 



STRONG REACTIONS IN QUANTUM SUPER PDE'S. Ill 
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dNo U dNi. (In other words dNo and dNi belong to the same integral bordism 
class of {YM)[i] C Ji{E[i]).) (ii) < a, iVo > + < a, A^i >= - < a,P >, for any 
quantum conservation law a of (YM). Then, according to some previous results 
contained in Part II, there exists a solution V C (YM) [i] such that dV = A'o U P U 
A^i. (For details see [20] (II).) On the other hand temperature is not a conservation 
law for (yM)[i], hence we can satisfy above condition (i) with A^o C °(yAf)[i] and 
A^i C {YM)[i\ \ °{YM)[i\. Therefore the proof is done. □ 
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